To study the splitting of nodal plane curves with respect to contact conics, we define the splitting type of such curves and show that it can be used as an invariant to distinguish the embedded topology of plane curves. We also give a criterion to determine the splitting type in terms of the configuration of the nodes and tangent points. As an application, we construct sextics and contact conics with prescribed splitting types, which give rise to new Zariski-triples.
Introduction
Let Γ be an irreducible curve on the complex projective plane ℙ 2 , and let π : X → ℙ 2 be a Galois cover branched along ∆ ⊂ ℙ 2 . We call Γ a splitting curve with respect to π if the pullback π * Γ of Γ is reducible. Splitting curves have been studied by various mathematicians. For example, Artal-Bartolo and Tokunaga studied the splitting of nodal rational curves with respect to a double cover branched along a smooth conic in [4] ; Shimada studied the splitting of smooth conics with respect to a double cover branched along a sextic curve in [14] ; the first named author studied the splitting type of pairs of smooth curves of degree up to three with respect to a double cover branched along nodal quartics in [5] ; and the second named author studied the splitting number of a smooth curve for a simple cyclic cover branched along a smooth curve in [15] . In these papers, the splitting of rational curves and smooth curves is intensively studied. However, it seems that there are only a few studies on the splitting of non-rational singular curves. For example, Tokunaga studied the splitting of nodal quartic curves with respect to double covers branched along smooth conics in [17] and nodal curves on rational ruled surfaces with respect to double covers branched along certain curves in [18] . In this paper, we investigate the splitting type of non-rational nodal curves of any degree with respect to a double cover branched along a smooth conic. More precisely, following [4] we define the splitting type of a plane curve with respect to a smooth conic, and we give a criterion to determine the splitting type.
One of the motivations to study splitting curves is the application to Zariski k-plets, where a Zariski k-plet is a k-plet (C 1 , . . . , C k ) of plane curves C 1 , . . . , C k ⊂ ℙ 2 satisfying the following two conditions;
(i) there exist tubular neighborhoods T i of C i for i = 1, . . . , k such that the k topological pairs (T i , C i ) are homeomorphic;
(ii) the topological pairs (ℙ 2 , C i ) and (ℙ 2 , C j ) are not homeomorphic if i ̸ = j.
We call a Zariski 2-plet a Zariski pair. It is known that, for a plane curve C and its tubular neighborhood T, the homeomorphism class of (T, C) is determined by the combinatorial type of C, where the combinatorial type of Γ is data consisting of the number of its irreducible components, degree and singularities of each component, and the configuration of the components (see [3] for details). Many results about Zariski pairs use some topological invariants of plane curves; cf. [1] , [2] , [3] , [4] , [5] , [7] , [8] , [10] , [13] , [14] , [15] , [19] . A basic invariant is the fundamental group of the complement of a plane curve; cf. [1] , [3] , [4] , [13] , [19] . Recently, Zariski pairs which cannot be distinguished by the fundamental group were found; see [3] , [8] , [15] . We call such a Zariski pair a π 1 -equivalent Zariski pair. In particular, the result of [15] shows that the study of the splitting curves allow us to construct π 1 -equivalent Zariski pairs. In this paper, we prove that our splitting type is a topological invariant, and can be used to distinguish the topology of plane curves. One of the main theorems of this paper is a criterion for determining the splitting type of a nodal curve with respect to a smooth conic in terms of the configuration of the nodes and tangent points of the nodal curve and the smooth conic (Theorem 2.4). However, for a given splitting type, it is difficult to explicitly construct nodal curves with a contact conic which have that splitting type, especially when the nodes and tangent points need to be in general position. In order to construct various examples of nodal sextic curves with a contact conic, which is necessary to explicitly show the existence of Zariski pairs, we prove that there exists a correspondence between nodal sextic curves on ℙ 2 with a contact conic and quartic surfaces in ℙ 3 with a node, where a node of a surface means an A 1 -singularity (Theorem 3.3).
Nodal quartic surfaces have been studied classically. In [12] , a classification of nodal quartic surfaces was given. Also in [6] , quartic surfaces with 8-nodes were studied from a different perspective. An 8-nodal quartic surface is said to be syzygetic if the quartic surface is defined by a quadratic form of three quadratic forms, otherwise it is said to be asyzygetic (see Definition 4.9 for details). It is known that the geometric difference of syzygetic and asyzygetic quartic surfaces lie in the configuration of their nodes. In this paper, we prove that a syzygetic quartic surface and an asyzygetic quartic surface give two sextic curves with contact conics in the correspondence mentioned above, which have different splitting types. Moreover, we improve our criterion for splitting types of 7-nodal sextic curves by utilizing the difference of syzygetic and asyzygetic quartic surfaces (Theorem 5.3).
This paper is organized as follows. In Section 2, we define the splitting type of plane curves with respect to a smooth conic, and give a criterion for determining the splitting type in terms of the position of singularities. In Section 3, we give a correspondence between quartic surfaces with a node and sextic curves with a contact conic. In Section 4, we recall the geometric difference of syzygetic and asyzygetic quartic surfaces in detail in order to improve the criterion in Section 2 for 7-nodal sextic curves with a contact conic. In Section 5, we improve the criterion in Section 2 for 7-nodal sextic curves. In the final section, we give new examples of Zariski pairs consisting of 6 and 7-nodal sextic curves with a contact conic.
Splitting curves with respect to contact conics
The aim of this section is to prove Theorem 2.4 below. To state Theorem 2.4, we define some notions. Definition 2.1. Let Γ be a curve. We call Γ a nodal curve if all of the singular points of Γ are nodes. Moreover, for a positive integer r, we call a nodal curve Γ an r-nodal curve if the number of nodes of Γ is r. Note that we allow Γ to be reducible unless otherwise stated.
For two curves Γ 1 , Γ 2 ⊂ ℙ 2 and a point P ∈ Γ 1 ∩ Γ 2 , the local intersection number of Γ 1 and Γ 2 at P is denoted by I P (Γ 1 , Γ 2 ). For a curve ∆ ⊂ ℙ 2 of degree 2d, let π ∆ : X ∆ → ℙ 2 denote the double cover branched along ∆, and let ι ∆ : X ∆ → X ∆ be the covering transformation of π ∆ . In this case, X ∆ is normal. Furthermore, if ∆ is a smooth conic, then X ∆ ≅ ℙ 1 × ℙ 1 and ι ∆ interchanges the two rulings. (i) A smooth conic ∆ ⊂ ℙ 2 is called a contact conic of Γ if all of the intersection points of Γ and ∆ are smooth points of Γ, and I P (Γ, ∆) ≥ 2 for all P ∈ Γ ∩ ∆. Furthermore, a contact conic ∆ ⊂ ℙ 2 of Γ is called an even contact conic (respectively a simple contact conic) of Γ if I P (Γ, ∆) is even (respectively equal to two) for all P ∈ Γ ∩ ∆.
(ii) Let Γ ⊂ ℙ 2 be a curve with an even contact conic ∆. For two positive integers m ≤ n, we call Γ a splitting curve of type (m, n) with respect to ∆ if π * 
As in the proof of [5, Proposition 2.5], there exists a homeomorphismh :
Hence Γ 2 is a splitting curve with respect to ∆ 2 , say of type (m , n ). Since the local intersection number of
Since m + n = m + n = d, m ≤ n and m ≤ n , we obtain m = m and n = n .
2
For curves Γ, ∆ and a line L on ℙ 2 , we let γ, δ and l be homogeneous polynomials which define Γ, ∆ and L, respectively. For a real number r ∈ ℝ ≥0 , the maximal integer not beyond r is denoted by ⌊r⌋. In the following, we say that L is a general line (with respect to Γ) if L intersects Γ transversally. Theorem 2.4. Let m, n be integers with 0 < m ≤ n, d := m + n, k := n − m, and α := (m 2 + n 2 − m − n)/2. Let Γ ⊂ ℙ 2 be a nodal curve of degree d with a simple contact conic ∆. Let T 1 , . . . , T d be the tangent points of Γ and ∆. Then the following five conditions are equivalent:
(i) Γ is a splitting curve of type (m, n) with respect to ∆;
(ii) for any general line L tangent to ∆, there exist c i ∈ H 0 (ℙ 2 , O ℙ 2 (i)) for i = n − 1, n satisfying the following conditions:
(ii-a) c n and c n−1 have no common factor with l, and (ii-b) γl k = c 2 n − δc 2 n−1 ; (iii) for a general line L tangent to ∆, there exist c i ∈ H 0 (ℙ 2 , O ℙ 2 (i)) for i = n−1, n satisfying Conditions (ii-a) and (ii-b) above;
(iv) for any general line L tangent to ∆ at T 0 ∈ ∆, there are α nodes P 1 , . . . , P α ∈ Γ of Γ, m intersection points Q 1 , . . . , Q m ∈ Γ ∩ L of Γ and L, and two divisors C n and C n−1 on ℙ 2 of degree n and n − 1 respectively satisfying the following conditions: (iv-a) both C n and C n−1 pass through the nodes P 1 , . . . , P α , and C n passes through the tangent points
. . , m and j = n − 1, n; (iv-c) C n has ⌊k/2⌋ + (1 − (−1) k )/2 local branches at T 0 , and ⌊k/2⌋ of the local branches are tangent to ∆; (iv-d) C n−1 has ⌊(k −1)/2⌋+(1−(−1) k−1 )/2 local branches at T 0 , and ⌊(k −1)/2⌋ of the local branches are tangent to ∆; (iv-e) any two of the five divisors Γ, ∆, L, C n and C n−1 have no common components;
(v) for a general line L tangent to ∆ at T 0 ∈ ∆, there are α nodes P 1 , . . . , P α ∈ Γ of Γ, m intersection points Q 1 , . . . , Q m ∈ Γ ∩ L of Γ and L, and two divisors C n and C n−1 on ℙ 2 of degree n and n − 1 respectively satisfying Conditions (iv-a), . . . , (iv-e) above.
Proof. We first prove the equivalence of Conditions (i), (ii) and (iii). Assume that π * ∆ Γ = D + + D − for some (m, n)-divisor D + on ℙ 1 × ℙ 1 and D − := ι * ∆ D + . Let L be a general tangent line of ∆. Then there is a (1, 0)divisor L + such that π * ∆ L = L + + L − , where L − := ι * ∆ L + . Hence Γ + kL splits into two (n, n)-divisors by π ∆ , i.e. π * ∆ (Γ + kL) = (D + + kL + ) + (D − + kL − ). Letd + = 0 be a defining equation of the (n, n)-divisor D + + kL + , and
such that π * ∆ c n =d + +d − . Let R ⊂ ℙ 1 × ℙ 1 be the ramification locus of π ∆ , and let r = 0 be the defining equation of R. Note that R is the
holds. It is trivial that Condition (ii) implies Condition (iii). Now, assume that Condition (iii) holds. Then we have π * ∆ (Γ + kL) =D + +D − , whereD ± are the (n, n)-divisors on ℙ 1 × ℙ 1 defined by π * ∆ c n ± rπ * ∆ c n−1 = 0. By Condition (ii-a), π * ∆ c n ± rπ * ∆ c n−1 are not divided by π * ∆ l since π * ∆ c n − rπ * ∆ c n−1 = ι * ∆ (π * ∆ c n + rπ * ∆ c n−1 ) and ι * ∆ π * ∆ l = π * ∆ l. Since Γ and π * ∆ Γ are reduced,D ± = D ± + kL ± for some (m, n)-divisor D + and D − = ι * ∆ D + . Therefore we obtain π * ∆ Γ = D + + D − , and Conditions (i), (ii) and (iii) are equivalent. Next we prove that Condition (i) implies Condition (iv). Suppose that π * ∆ Γ = D + + D − for an (m, n)-divisor D + and D − := ι * ∆ D + , and let L be a general tangent line of ∆. Since the intersection number D + ⋅D − is equal to m 2 + n 2 , and
Let C n and C n−1 be the divisors on ℙ 2 given by c n = 0 and c n−1 = 0, respectively. We prove that P i , Q j , C n and C n−1 satisfy Conditions (iv-a), . . . , (iv-e).
As in the above argument,d ± = π * ∆ c n ± rπ * ∆ c n−1 = 0 define D ± + kL ± , respectively. This implies that π * ∆ c n and rπ * ∆ c n−1 vanish at (D + + L + ) ∩ (D − + L − ). Hence C n (respectively C n−1 ) passes through π ∆ (D + ∩ D − ) (respectively P 1 , . . . , P α ). Thus C n and C n−1 satisfy Condition (iv-a).
At an intersection P ∈ D + ∩ L − , we can write locallyd + = s andd − = t k since L intersects transversally with Γ, where s and t are generators of the maximal ideal m P at P. Hence π * ∆ C n and π * ∆ C n−1 are defined by s + t k = 0 and s − t k = 0 respectively. Since P ∈ ℙ 1 × ℙ 1 is an unramified point of π ∆ , C n and C n−1 satisfies Condition (iv-b).
At the intersection P of L + and L − , we can write locallyd + = s k andd − = t k . Therefore, we havẽ
if k is even,
where ζ k is a primitive kth root of unity. Since s − t = 0 defines R at P, Conditions (iv-c) and (iv-d) in the assertion hold. It is clear that any two ofd + , r, l − ,d + +d − and (d + −d − )/r have no common factors, where l − = 0 is a defining equation of L − . Therefore Condition (iv-e) in the assertion holds. Hence Condition (i) implies Condition (iv). It is trivial that Condition (iv) implies Condition (v). Finally, we prove that Condition (v) implies Condition (iii). We assume that there exist α nodes P 1 , . . . , P α ∈ Γ, m intersection points Q 1 , . . . , Q m ∈ Γ ∩ L and two divisors C n , C n−1 ⊂ ℙ 2 satisfying Conditions (iv-a), . . . , (iv-e). Let γ, δ, l, c n and c n−1 be homogeneous polynomials defining Γ, ∆, L, C n and C n−1 , respectively. Let Λ be the linear system generated by the three divisors D 1 := Γ + kL, D 2 := 2C n and D 3 := 2C n−1 + ∆. It is sufficient to prove dim Λ = 1. We seek the base points of Λ in order to resolve the indeterminacy locus of the rational map Φ Λ : ℙ 2 ℙ N (N = dim Λ) given by Λ. Note that, by Condition (iv-e), the number of base points of Λ is finite. From Conditions (iv-a) and (iv-b),
Hence we have Γ ∩ C n = {P 1 , . . . , P α , Q 1 , . . . , Q m , T 1 , . . . , T d }, I P i (Γ, C n ) = 2 for 1 ≤ i ≤ α, and I T i (Γ, C n ) = 1 for 1 ≤ i ≤ d. Moreover, C n is smooth at P i for 1 ≤ i ≤ α and at T i for 1 ≤ i ≤ d. By the same argument, we obtain the equations
Moreover, the following conditions hold;
(P i ) local branches of Γ, C n and C n−1 at P i are smooth, and intersect transversally each other;
(Q i ) Γ, C n and C n−1 intersect each other at Q i with multiplicity k;
(T 0 ) local branches of C n and C n−1 at T 0 are smooth, and L, ∆ and local branches of C j (j = n, n − 1) at T 0 intersect each other with multiplicity at most 2;
We resolve the indeterminacy locus of Φ Λ through blowing-ups. Let σ P i : X P i → ℙ 2 be the blowing-up at P i ∈ ℙ 2 , and let E P i be the exceptional divisor of σ P i . Since the multiplicity m P i (D j ) of D j at P i is equal to 2 for j = 1, 2, 3, the three divisors σ * P i D j − 2E P i on X P i have no intersection with each other over P i . Let σ T 0 ,1 : X T 0 ,1 → ℙ 2 be the blowing-up at T 0 ∈ ℙ 2 , and let E T 0 ,1 be the exceptional divisor of σ T 0 ,1 .
3) intersect at one point, say T 0,1 , and the local branches of σ * T 0 ,1 D j − kE T 0 ,1 at T 0,1 intersect transversally with each other. Let σ T 0 ,2 : X T 0 ,2 → X T 0 ,1 be the blowing-up at T 0,1 ∈ X T 0 ,1 , and let E T 0 ,2 be the exceptional divisor of σ T 0 ,2 . Then the divisors
3) intersect at one points, say T i,1 , and intersect transversally with each other. Let σ T i ,2 : X T i ,2 → X T i ,1 be the blowing-up at T i,1 , and let E T i ,2 be the exceptional divisor of
where, for a factorizationX → X → ℙ 2 of σ and a divisor E on X, we denote by E * the pullback of E by the morphismX → X. LetΛ be the linear system onX generated byD j (j = 1, 2, 3). Then the self-intersection number ofD j is equal to 0,D 2 j = 0. Hence we have dim Im(ΦΛ) = 1. Moreover, sinceD j ⋅E T i ,2 = 1 for i = 1, . . . , d, we have deg ΦΛ(D j ) = 1. Therefore dim Λ = dimΛ = 1.
From Theorem 2.4, we have the following corollary. Corollary 2.5. Let Γ be an r-nodal curve of degree d with a simple contact conic ∆. If Γ is a splitting curve of type (m, n) with respect to ∆, then 2r ≥ m 2 + n 2 − d. Theorem 2.4 enables us to determine the splitting type of a given curve Γ with respect to a simple contact conic ∆ by the geometrical Conditions (iv-a), . . . , (iv-e). However, Conditions (iv-b), (iv-c), (iv-d) seem to be complicated.
The corollary below is useful to prove that a curve Γ is not a splitting curve of type (m, n) with respect to a simple contact conic ∆. We prepare some terminology used in the statement. Let X be a nonsingular variety, let P 1 , . . . , P r ∈ X be r distinct points of X, and let D ⊂ X be a divisor of X. We denote the linear system consisting of the effective divisors of |D| through P 1 , . . . , P r by |D − P 1 − ⋅ ⋅ ⋅ − P r |. The points P 1 , . . . , P r are called the assigned base points of d := |D − P 1 − ⋅ ⋅ ⋅ − P r |. Let σ :X → X be the blowing-up at P 1 , . . . , P r , and let E 1 , . . . , E r be the exceptional divisors of σ. We call the base points of |σ * D − E 1 − ⋅ ⋅ ⋅ − E r |, considered as infinitely near points of X, unassigned base points of d. Corollary 2.6. Let Γ be a nodal curve of degree d with a simple contact conic ∆, and let T 1 , . . . , T d be tangent points of Γ and ∆. Assume that Γ is a splitting curve of type (m, n) with respect to ∆ satisfying n > m. Put
is a splitting curve of type (n, n) with respect to ∆. By Theorem 2.4, there exist n 2 − n nodes ofΓ, P 1 , . . . , P n 2 −n and a divisor C n of degree n which has no common components with ∆ and passes through P 1 , . . . , P n 2 −n and all tangent points ofΓ and ∆. As in the proof of Theorem 2.4, we may assume that
and put d ± = 0 and l ± 0 = 0 as defining equations of D ± and L ± 0 , respectively. If P ∈ Γ and π −1 (P) = {P + , P − } with P + ∈ D + and P − ∈ D − , then we can choose L 0 such that P + ̸ ∈ L − 0 and P − ̸ ∈ L + 0 . Then the curve C n of degree n on ℙ 2 such that π * ∆ C n is defined by (l + 0 ) k d + + (l − 0 ) k d − = 0 passes through P 1 , . . . , P α , T 1 , . . . , T d , but not P. Hence d has no fixed components by Condition (iv-e) in Theorem 2.4.
Put
Then Γ 0 is a splitting curve of type (n − 1, n) with respect to ∆. Let L k and L k be two general tangent lines of ∆ for Γ 0 , and let C n and C n be curves of degree n satisfying the conditions in Theorem 2.4 for Γ 0 + L k and Γ 0 + L k , respectively. Then there are (n − 1) 2 nodes of Γ 0 such that C n and C n pass through those nodes. Since Γ 0 is tangent with ∆ at just 2n − 1 points, C n and C n intersect transversally at (n − 1) 2 nodes of Γ 0 and 2n − 1 tangent points of Γ 0 and ∆. This implies that d has no unassigned base points.
3 Quartic surfaces and sextic curves with a contact conic
In this section, we prove that there exists a surjection from the set of normal quartic surfaces in ℙ 3 with a node (i.e. an A 1 -type singularity) at a point P ∈ ℙ 3 , which contain no lines through P, to the set of sextic curves on ℙ 2 with an even contact conic (Theorem 3.3). We apply this result to prove a simple criterion for a nodal sextic curve with a contact conic to be a splitting curve of type (2, 4) in Section 4. In order to prove Theorem 3.3, we consider a birational map between ℙ 1 -bundles over ℙ 2 given by Sumihiro [16] .
For i ∈ ℤ ≥1 we put
, and let L i be the tautological bundle on P i with φ i * L i ≅ E i . Let (x 0 :x 1 :x 2 ) be homogeneous coordinates of ℙ 2 , and let U j be the affine open subset of ℙ 2 given by x j ̸ = 0 for j = 0, 1, 2. Let x j,0 and x j,i denote the local basis of O ℙ 2 and O ℙ 2 (−i) on U j for j = 0, 1, 2, respectively. By abuse of notation, we regard (x j,0 :x j,i ) as homogeneous coordinates of the fibers of φ i over U j . Let A j denote the coordinate ring H 0 (U j , O ℙ 2 | U j ) of U j . We prove the following lemma by the same argument of [11, V Proposition 2.6].
, then S satisfies one of the following conditions;
Proof. By [11, II Proposition 7.12], a section s :
The kernel of η gives the ideal sheaf of the image of s since a surjection η :
, and let S ⊂ P i be the image of s. We consider the exact sequence
Taking φ i * , we have the following exact sequence
) is invertible by [11, III Corollary 12.9 ]. Moreover, we obtain
Moreover, since η corresponds to (0, η i ) for some η i ∈ ℂ × , the kernel of η is locally generated by x j,0 on U j . Hence the section S is locally defined by x j,0 = 0 over U j .
If k = 0, then the exact sequence (1) 
, then η 0 ∈ ℂ × since η is surjective. If η i = 0, then η| U j : A j x j,0 ⊕A j x j,i → A j is given by x j,0 → η 0 and x j,i → 0; hence S is locally defined by x j,i = 0 over U j . Suppose that η i ̸ = 0. Let D S be the effective divisor on ℙ 2 corresponding to η i ∈ H 0 (ℙ 2 , O ℙ 2 (i)). In this case, the image of the second factor O ℙ 2 (−i) of E i by η is the ideal sheaf of D S . Thus η is locally given by x j,0 → η 0 and x j,i → η 0 g j over U j , where g j = 0 is a defining equation of D S on U j . Therefore S is defined by
be the exceptional divisor of σ i,d . By elementary transformations of vector bundles, see [16, (1.5 
Hence we obtain the following commutative diagram:
Proposition 3.2. The ℙ 1 -bundle P i,d is isomorphic to P i+d , and the map φ i,d : P i,d → ℙ 2 coincides with φ i+d : P i+d → ℙ 2 . Moreover, the birational map θ i,d = σ i,d ∘ (σ i,d ) −1 : P i P i,d ≅ P i+d is locally given by θ * i,d (x j,0 ) = x j,0 and θ * i,d (x j,i+d ) = f j x j,i over U j , where x j,0 = x j,0 and x j,i+d = x j,i+d are a local basis of E i+d over U j .
Proof. Since S i,0 is defined by x j,0 = 0 over U j , Y i,d is defined by x j,0 = 0 and f j x j,i = 0 over U j for j = 0, 1, 2. By the proof of [16, (1. 3) Lemma], P i,d is the ℙ 1 -bundle associated with the vector bundle locally generated by x j,0 = x j,0 and
2 Let X ⊂ ℙ 3 be a normal quartic surface with a node P not containing any lines through P, and let p : ℙ 3 ℙ 2 be the projection from P. Let φ :P 3 → ℙ 3 be the blowing-up of ℙ 3 at P, and letX be the strict transform of X by φ. The projection p induces a morphismp :P 3 → ℙ 2 . Note thatP 3 is isomorphic to P 1 , and that p coincides with φ 1 : P 1 → ℙ 2 . LetX ⊂ P 1 be the strict transformation of X by the blowing-up at P, and let π X :X → ℙ 2 denote the restriction of φ 1 toX. Since X contains no lines through P, π X is a double cover over ℙ 2 . Let Γ X ⊂ ℙ 2 denote the branch locus of π X , and let ∆ X ⊂ ℙ 2 be the image of the exceptional divisor ofX → X by π X .
Theorem 3.3. Let P be a point of ℙ 3 . Let X ⊂ ℙ 3 be a normal quartic surface with a node P not containing any lines through P. Then the curve ∆ X is an even contact conic of Γ X . Moreover, the following hold:
(i) The following map is surjective:
{ a normal quartic surface in ℙ 3 with a node P which contains no lines through P } → { a pair of a sextic curve and its even contact conic } X → (Γ X , ∆ X ) (ii) Let (x:y:z:w) be a system of homogeneous coordinates of ℙ 3 such that P = (0:0:0:1). Assume that X is defined by g 2 w 2 + 2g 3 w + g 4 = 0, where g i ∈ ℂ[x, y, z] is a homogeneous polynomial of degree i for i = 2, 3, 4. Then Γ X and ∆ X are given by the equations Γ X : g 2 3 − g 2 g 4 = 0 and ∆ X : g 2 = 0, respectively. (iii) If we further assume that ∆ X is a simple contact conic of Γ X , then there exist natural surjective maps Proof. (i) Let X ⊂ ℙ 3 be a normal quartic surface with a node P not containing any lines through P. Let φ :P 3 → ℙ 3 be the blowing-up at P, and letX be the strict transform of X under φ. Note that there is an isomorphismP 3 ≅ P 1 such that the morphismP 3 → ℙ 2 induced by the projection from P coincides with φ 1 :P 3 ≅ P 1 → ℙ 2 , and the exceptional divisor of φ coincides with the section S 1,0 ⊂ P 1 . Since P is a node of X, C 2 :=X ∩ S 1,0 is a smooth conic on S 1,0 , and so is ∆ X ⊂ ℙ 2 . Since X contains no lines through P, by the blowing-up along C 2 and Proposition 3.2, we have the birational map θ 1,2 : P 1 P 3 , and θ 1,2 induces an embedding ι :X → P 3 \ S 3,0 satisfying the following commutative diagram:
This implies that Γ X is a sextic curve, and Γ X is smooth at Γ X ∩ ∆ X sinceX is smooth over ∆ X . Moreover, since π * X ∆ X is reducible, ∆ X must be an even contact conic of Γ X . Conversely, let Γ ⊂ ℙ 2 be a sextic curve with an even contact conic ∆. Let π Γ :X → ℙ 2 be the double cover branched along Γ. There is an embedding ι :X → P 3 \ S 3,0 satisfying φ 3 ∘ ι = π Γ . Since ∆ is rational, π * Γ ∆ splits into two rational curves ∆ 1 and ∆ 2 . By blowing-up P 3 along ∆ 1 and by Proposition 3.2, we obtain an embedding ι :X → P 1 such that ι (X) ∩ S 1,0 = φ −1 1 (∆) ∩ S 1,0 . SinceX is smooth over ∆, X := φ ∘ ι (X) ⊂ ℙ 3 is a normal quartic surface with a node P, which contains no lines through P, such that (Γ X , ∆ X ) = (Γ, ∆).
The assertion (ii) is clear. Hence we next prove assertion (iii). We may assume that P = (0:0:0:1) and X is defined by g 2 w 2 + 2g 3 + g 4 = 0 as in the assumption of (ii). By the argument of the proof of (i), we have the birational mapθ = θ 1,2 ∘ φ −1 : ℙ 3 P 3 over ℙ 2 , which is locally given on {(x:y:z:w) ∈ ℙ 3 | z = 1} by (x, y, w) → (x, y, t) = (x, y, wg 2 (x, y, 1)),
where we regard (x:y:z) as a system of homogeneous coordinates of ℙ 2 , and t is a local coordinate of a fiber of P 3 such that t = g 2 = 0 gives the center of the blowing-up σ 3,2 : V 3,2 → P 3 in the diagram (2) . Thenθ gives a birational map from X ⊂ ℙ 3 to the subvarietyX ⊂ P 3 locally given by (t + g 3 ) 2 − g 2 3 + g 2 g 4 = 0, which is naturally the double cover of ℙ 2 branched along Γ X . Note that t + g 3 = 0 gives a sectionS of P 3 which contains all singularities ofX.
Next we construct the map α 1 . For a hyperplane H ⊂ ℙ 3 given by w + ℓ = 0 for some ℓ ∈ ℂ[x, y, z], θ gives a birational map from H to a sectionL of P 3 locally given by t + g 2 ℓ = 0. We define the map α 1 by α 1 (H) = φ 3 (S ∩L). Since α 1 (H) is given by g 2 ℓ − g 3 = 0, α 1 (H) passes through all tangent points of ∆ X and Γ X , and α 1 (H) does not contain ∆ X . SinceS contains all singularities ofX, H contains a singularity Q ∈ X \ {P} if and only if p(Q) ∈ α 1 (H).
To construct the map α 2 , let H be a quadratic surface of ℙ 3 given by a 1 w + a 2 = 0, where a i ∈ ℂ[x, y, z] is a homogeneous polynomial of degree i for each i = 1, 2 with a 1 ̸ = 0. The birational mapθ gives a birational map from H to a closed subsetH of P 3 locally given by a 1 t + a 2 g 2 = 0. We put α 2 (H) as φ 3 (S ∩H). Since α 2 (H) is defined by a 1 g 3 − a 2 g 2 = 0, α 2 (H) passes through all tangent points of ∆ X and Γ X , and α 2 (H) does not contain ∆ X . Moreover, H contains a singular point Q ∈ X \ {P} if and only if p(Q) ∈ α 2 (H).
We finally prove that α 1 and α 2 are surjective. Let C 3 and C 4 be curves on ℙ 2 of degree 3 and 4, respectively, through all tangent points of ∆ X and Γ X , which do not contain ∆ X . From the exact sequence
for i = 3, 4, we may assume that C 3 and C 4 are defined by ℓ 0 g 3 − ℓ 1 g 2 = 0 and a 1 g 3 − a 2 g 2 = 0, respectively, where ℓ 0 ∈ ℂ, ℓ 1 , a 1 ∈ H 0 (ℙ 2 , O ℙ 2 (1)) and a 2 ∈ H 0 (ℙ 2 , O ℙ 2 (2)). Since C 3 and C 4 do not contain ∆ X , ℓ 0 ̸ = 0 and a 1 ̸ = 0. Hence C 3 = α(H 1 ) and C 4 = β(H 2 ), where H 1 and H 2 are given by ℓ 0 w + ℓ 1 = 0 and a 1 w + a 2 = 0, respectively.
4 Nodal quartic surfaces in ℙ 3
In this section, we recall the geometric difference of syzygetic and asyzygetic quartic surfaces in detail. In order to do this, we investigate the dimensions of the linear systems on ℙ 3 consisting of quadric surfaces through given points.
Linear systems on ℙ 1 × ℙ 1 and ℙ 3
In this subsection, we give a bound on the dimensions of linear systems on ℙ 3 with 8 assigned base points in "general" position. We use the same notation for linear systems with assigned base points as in Corollary 2.6. We first consider linear systems on ℙ 1 × ℙ 1 . Let p 1 and p 2 denote the two projections from ℙ 1 × ℙ 1 to ℙ 1 . Lemma 4.1. Let P 1 , . . . , P r be r distinct points of ℙ 1 × ℙ 1 , and let C be a (1, 1) 
(i) In the case where r = 2, d has no unassigned base points if p j (P 1 ) ̸ = p j (P 2 ) for j = 1, 2.
(ii) In the case where r = 3, dim d = 0 if ♯(p −1 j (Q) ∩ {P 1 , P 2 , P 3 }) ≤ 2 for any Q ∈ ℙ 1 and j = 1, 2.
Proof. (i) The divisors p * 1 (p 1 (P 1 )) + p * 2 (p 2 (P 2 )) and p * 1 (p 1 (P 2 )) + p * 2 (p 2 (P 1 )) are elements of d, and they meet transversally at P 1 and P 2 . This implies that d has no unassigned base points.
(ii) By the assumption, we may assume that p j (P 1 ) ̸ = p j (P 2 ) for any j = 1, 2. Since dim |C| = 3, part (i) implies that dim d = 0. 
Proof. We put d := |D − P 1 − ⋅ ⋅ ⋅ − P 6 |. Since dim |D| = 8, it is sufficient to prove that P 7 is not an unassigned base point of d. We put F j,i := p * j (p j (P i )) for i = 1, . . . , 7 and j = 1, 2. Case 1. Suppose that there exists a (1, 1)-curve C passing through four points of P 1 , . . . , P 6 . We may assume that C 1234 := C passes through P 1 , . . . , P 4 . By assumption (b), P 7 ̸ ∈ C 1234 . If F j,5 ̸ = F j,6 for any j = 1, 2, then there exists a (1, 1)-curve C 56 passing through P 5 and P 6 but not P 7 by Lemma 4.1. Hence C 1234 + C 56 is a (2, 2)-curve not passing through P 7 , but P 1 , . . . , P 6 . If F j,5 = F j,6 for some j = 1, 2, say j = 1, then P 7 ̸ ∈ F 1,5 by assumption (a). By choosing Q ∈ ℙ 1 such that p 2 (P 7 ) ̸ = Q, C 1234 + F 1,5 + p * 2 (Q) is a (2, 2)-curve not passing through P 7 , but P 1 , . . . , P 6 .
Case 2. Suppose that no (1, 1)-curves pass through four points of P 1 , . . . , P 6 . Let C ijk be the (1, 1)curve passing through distinct three points P i , P j , P k of P 1 , . . . , P 6 . Note that C ijk is determined uniquely by Lemma 4.1 (ii), and C ijk ̸ = C i j k if {i, j, k} ̸ = {i , j , k }. If P 7 ̸ ∈ C 123 and P 7 ̸ ∈ C 456 , we have nothing to prove. Suppose P 7 ∈ C 123 and C 123 is reducible. By assumption (a), we may assume that C 123 = F 1,1 + F 2,3 , F 1,1 = F 1,2 and F 2,3 = F 2,7 . Also by assumption (a), F 1,1 and F 2,3 are not irreducible components of C 13i for any i = 4, 5, 6. Since the intersection number C 123 ⋅C 13i = 2, C 13i does not pass through P 7 for i = 4, 5, 6. If P 7 ∈ C 2ij for any i, j = 4, 5, 6 with i ̸ = j, then it follows from C 245 ⋅C 246 = 2 and assumption (a) that C 245 and C 246 are reducible and have one common component; in this case, the common component must contain three points P 2 , P 4 , P 7 , which is a contradiction to (a). Thus P 7 ̸ ∈ C 2ij for some i, j = 4, 5, 6, say i = 4, j = 5, and C 136 + C 245 is a (2, 2)-curve not passing through P 7 , but P 1 , . . . , P 6 .
Suppose P 7 ∈ C 123 and C 123 is irreducible. Then P 7 ̸ ∈ C 12i for i = 4, 5, 6. Suppose that P 7 ∈ C 3ij for some i, j = 4, 5, 6, say i = 4, j = 5; then we may assume by the above argument that C 345 is irreducible. In this case, we have P 7 ̸ ∈ C 346 . Thus C 125 + C 346 is a (2, 2)-curve not passing through P 7 , but P 1 , . . . , P 6 . Therefore we have proved the assertion. We will use the following lemma later. Lemma 4.4. Let P 1 , . . . , P 5 ∈ ℙ 1 × ℙ 1 be five points in general position, and let D be a (1, 2)-curve on ℙ 1 × ℙ 1 . Then dim |D − P 1 − ⋅ ⋅ ⋅ − P 5 | = 0.
Proof. We have dim |D − P 1 −⋅ ⋅ ⋅− P 5 | ≥ 0 since dim |D| = 5. It is sufficient to prove that P 5 is not an unassigned base point of d := |D − P 1 − ⋅ ⋅ ⋅ − P 4 |. By Condition (a) in Proposition 4.2, there are i 1 , i 2 ∈ {1, . . . , 4} such that p 2 (P i 1 ) ̸ = p 2 (P 5 ) and p 2 (P i 2 ) ̸ = p 2 (P 5 ), say i 1 = 1 and i 2 = 2. Let C ijk be the (1, 1)-curve as in the proof of Proposition 4.2. If P 5 ∈ C i34 for i = 1, 2, then C 134 and C 234 have a common component F which contains P 5 . This implies that P 5 is contained in a ruling of ℙ 1 × ℙ 1 passing through two points of P 1 , . . . , P 4 , which is a contradiction. Hence P 5 ̸ ∈ C i34 for some i = 1, 2, say i = 2. Then C 234 + p * 2 (p 2 (P 1 )) is an element of d not passing through P 5 .
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Next we consider linear systems on ℙ 3 . We say that r points P 1 , . . . , P r ∈ ℙ 3 with r ≤ 8 are in general position if (A) no three points of P 1 , . . . , P r are collinear, and (B) no hyperplane in ℙ 3 contains five points of P 1 , . . . , P r . Proposition 4.5. Let P 1 , . . . , P 8 ∈ ℙ 3 be eight points in general position, and let D be a quadratic surface in
Proof. We put d := |D − P 1 − ⋅ ⋅ ⋅ − P 8 |. Since dim |D| = 9, we have dim d ≥ 1. The Conditions (A) and (B) imply that the number of reducible members in d is finite. Hence there exist irreducible members in d.
First we consider the case where there is a smooth quadratic surface D 0 in d. The Conditions (A) and (B) imply that P 1 , . . . , P 8 are in general position as points on D 0 ≅ ℙ 1 × ℙ 1 . Hence 0 ≤ dim d| D 0 ≤ 1 from Proposition 4.2, and we have 1 ≤ dim d ≤ 2.
If all members of d are singular, then there exists a point P ∈ ℙ 3 such that P is a singular point of all members of d. Let π P : ℙ 3 \ {P } → ℙ 2 be the projection from P . In this case, for each member D ∈ d there exists a conic C ⊂ ℙ 2 with π P (P i ) ∈ C (i = 1, . . . , 8) such that D is the closure of π −1 P (C ) in ℙ 3 . From the Conditions (A), (B) and dim d ≥ 1, the image of {P 1 , . . . , P 8 } under π P is a set of four points such that no three of them are collinear. This implies that dim d = 1. Proof. From the proof of Proposition 4.5, there is a smooth member D 0 of d. Since dim d| D 0 = 1, Lemma 4.1 and 4.4 imply that d| D 0 has no fixed components. Thus the set of base points of d| D 0 is {P 1 , . . . , P 8 } as points of D 0 ≅ ℙ 1 × ℙ 1 . Hence the set of base points of d is {P 1 , . . . , P 8 }. Moreover, the intersection number (D 0 , D 1 , D 2 ) = 8 for D i ∈ d (i = 0, 1, 2) which span d. This implies that D 0 , D 1 and D 2 meet at P 1 , . . . , P 8 transversally. Thus d has no unassigned base points.
2 Remark 4.7. Let D be a quadratic surface in ℙ 3 , and let P 1 , . . . , P 8 be eight points in ℙ 3 . If the linear system d := |D − P 1 − ⋅ ⋅ ⋅ − P 8 | has no unassigned base points, then P 1 , . . . , P 8 are in general position.
Proof. Suppose that there exists a line L ⊂ ℙ 3 with P 1 , P 2 , P 3 ∈ L. Let D 0 be a member of d, and let H be a hyperplane with L ⊂ H and H ̸ ⊂ D 0 . Then D 0 | H is a conic on H ≅ ℙ 2 passing through P 1 , P 2 , P 3 . Thus L ⊂ D 0 , which is a contradiction.
Suppose that there exists a hyperplane H ⊂ ℙ 3 with P 1 , . . . , P 5 ∈ H. By the above argument, we may assume that no three points of P 1 , . . . , P 5 are collinear. If D 0 ∈ d, then D 0 | H is the unique conic on H passing through P 1 , . . . , P 5 , which is a contradiction.
We prove the following lemma about a linear system on the Hirzebruch surface p : Σ 2 → ℙ 1 of degree two. Let S 0 be the section of p with S 2 0 = −2. Note that there is a morphism σ : Σ 2 → ℙ 3 whose image is a cone of degree two in ℙ 3 and S 0 is contracted to the vertex of the cone. Lemma 4.8. Let p : Σ 2 → ℙ 1 be the Hirzebruch surface of degree two, and let σ : Σ 2 → ℙ 3 be as above. Let S 0 and F denote the section with S 2 0 = −2 and a fiber of p, respectively. If an effective divisor D on Σ 2 is linearly equivalent to S 0 + 2F, then there is a hyperplane H of ℙ 3 satisfying σ * H = D.
Syzygetic quartic surfaces
Hence the restriction ofΦ d to E i is an isomorphismΦ d | E i : E i ∼ → ℙ 2 . Since P i , i = 1, . . . , 8, are double points, Γ i :=Φ d (E i ∩X) are irreducible conics in ℙ 2 . For a line L on ℙ 2 , since π * L ∼ ι * (σ * D − E 1 − ⋅ ⋅ ⋅ − E 8 ), the self-intersection number (π * L) 2 = 0. This implies dim π(X) ≤ 1. Since Γ i ⊂ π(X), Γ := π(X) is an irreducible conic in ℙ 2 . We may assume that Γ is given by u 2 1 +u 2 2 +u 2 3 = 0, where u 1 , u 2 , u 3 are homogeneous coordinates of ℙ 2 . Let X be the quartic surface given by f 2
Hence X ⊂ X , and since both surfaces X and X are quartic surfaces, we have X = X . Therefore X is syzygetic. Moreover, it is clear that P 1 , . . . , P 8 are the assigned nodes of X with respect to f 1 , f 2 , f 3 . 2 Remark 4.12. The difference between the syzygetic case and asyzygetic is analogous to Zariski's original example consisting of sextics with six cusps. Namely they can be distinguished by the defects of certain linear systems. A discussion about the embedded topology from this point of view can be found in [9, Chapter 6].
Improved criterion for nodal splitting curves of type (2, 4)
In this section, we show a correspondence between syzygetic quartic surfaces and nodal splitting curves of type (2, 4) . Let X ⊂ ℙ 3 be a nodal quartic surface with a node at P 0 not containing any lines through P 0 . Let p : X \ {P 0 } → ℙ 2 be the projection from P 0 , let Γ X ⊂ ℙ 2 be the branch locus of the double cover over induced by p, and let ∆ X be the image of exceptional divisor of the blowing-up of X at P 0 (see Section 3 for details). Note that for a sextic curve Γ with an even contact conic ∆, there exists a quartic surface X ⊂ ℙ 3 such that Γ X = Γ and ∆ X = ∆ by Theorem 3.3. Throughout the following, we assume that X ⊂ ℙ 3 satisfies the above conditions and we further assume that ∆ X is a simple contact conic of Γ X . Let T 1 , . . . , T 6 denote the distinct tangent points of Γ X and ∆ X . Proposition 5.1. Let X ⊂ ℙ 3 , P 0 and p : X \ {P 0 } → ℙ 2 be as above. If there exist six nodes P 1 , . . . , P 6 ∈ X on a conic C 0 in a hyperplane H ⊂ ℙ 3 , and if no four points of P 1 , . . . , P 6 are collinear, then Γ X is a splitting curve of type (3, 3) with respect to ∆ X . Moreover, there is a (3, 3)-curve D + ⊂ ℙ 1 × ℙ 1 such that π * ∆ X Γ X = D + + D − and π ∆ X (D + ∩ D − ) = {P 1 , . . . , P 6 , T 1 , . . . , T 6 },
where D − = ι * ∆ X D + and P i = p(P i ) for i = 1, . . . , 6.
Proof. Without loss of generality, we may assume that P 0 = (0:0:0:1) and X is defined by g 2 w 2 + 2g 3 w + g 4 = 0,
where g i ∈ ℂ[x, y, z] (i = 2, 3, 4) are homogeneous polynomials of degree i. We may also assume that the hyperplane H is defined by w = 0. Note that X ∩ H is a quartic divisor on H which is singular at the six points P 1 , . . . , P 6 . Since no four points of P 1 , . . . , P 6 are collinear, C 0 is the unique conic on H through P 1 , . . . , P 6 . Hence w = g 4 = 0 defines the divisor 2C 0 on H. Thus there is a homogeneous polynomial f 2 ∈ ℂ[x, y, z] of degree 2 such that g 4 = f 2 2 , and {P 1 , . . . , P 6 } is defined by w = g 3 = f 2 = 0. Hence g 3 = 0 defines a cubic curve on ℙ 2 through P 1 , . . . , P 6 , T 1 , . . . , T 6 . By Theorem 2.4, Γ X is a splitting curve of type (3, 3) with respect to ∆ X . The second assertion follows from the proof of Theorem 2.4. (i) no four points of P 1 , . . . , P 7 are collinear;
Proof. We first prove Condition (i). Suppose that four nodes P 1 , . . . , P 4 ∈ Γ are on a line L 0 ⊂ ℙ 2 . Since L 0 ⋅Γ X = 6, L 0 is a component of Γ X , say Γ X = L 0 + Γ X . Hence
Note that D − 0 and L + 0 are either (3, 2)-and (0, 1)-curves or (4, 1)and (1, 0)-curves respectively. In this case, the set {P 1 , . . . , P 4 } is the image of L + 0 ∩ D − 0 under π ∆ , which is a contradiction to L + 0 ⋅D − 0 ≤ 3. Therefore no four nodes of P 1 , . . . , P 7 are collinear. Suppose that π * ∆ Γ = E + + E − for a (3, 3)-curve E + ⊂ ℙ 1 × ℙ 1 and E − = ι * ∆ E + . Let C + be the common component of D + and E + , and put
2 Theorem 5.3. Let X ⊂ ℙ 3 , P 0 and p : X\{P 0 } → ℙ 2 be as in Proposition 5.1. Assume that seven points P 1 , . . . , P 7 are nodes of X distinct from P 0 . Let P i denote p(P i ) ∈ ℙ 2 for i = 1, . . . , 7, and let T 1 , . . . , T 6 be the tangent points of Γ X and ∆ X . Then the following are equivalent:
(i) X is syzygetic such that P 0 , . . . , P 7 are assigned nodes of X with respect to f 1 ,
(iii) the seven nodes P 1 , . . . , P 7 of Γ X satisfy the following conditions:
(iii-a) there exist no conics on ℙ 2 through the seven points P 1 , . . . , P 7 ;
(iii-c) if three points P i 1 , P i 2 , P i 3 of P 1 , . . . , P 7 are collinear, then any cubic curve through the nine points P i 1 , P i 2 , P i 3 , T 1 , . . . , T 6 contains ∆ X ; (iii-d) for any five points P i 1 , . . . , P i 5 of P 1 , . . . , P 7 , there exist no cubic curves through the eleven points P i 1 , . . . , P i 5 , T 1 , . . . , T 6 .
Proof. We first prove that Conditions (i) and (iii) are equivalent. Suppose that Condition (i) holds. By Proposition 4.11 and Theorem 3.3 (iii), Condition (iii-b) holds. Since the eight points P 0 , . . . , P 7 are in general position, we have dim d = 2. Letd be the linear system |2H − P 0 − ⋅ ⋅ ⋅ − P 7 | on ℙ 3 , where H is a hyperplane. Since the intersection number (2H, 2H, 2H) is equal to eight for a hyperplane H ⊂ ℙ 3 , there exist no members of d which are singular at P 0 . Hence Condition (iii-a) holds. If three points P 1 , P 2 , P 3 are on a line L ⊂ ℙ 2 , and there is a cubic curve C 3 ⊂ ℙ 2 through the nine points P 1 , P 2 , P 3 , T 1 , . . . , T 6 which does not contain ∆ X , then P 1 , P 2 , P 3 are on two hyperplanes H 1 , H 2 such that p(H 1 \ {P 0 }) = L and α(H 2 ) = C 3 by Theorem 3.3 (iii), which is a contradiction to the assumption that P 0 , . . . , P 7 are in general position. Hence Condition (iii-c) holds. If there exists a cubic curve C 3 through eleven points P 1 , . . . , P 5 , T 1 , . . . , T 6 , then C 3 contains ∆ X by Theorem 3.3 (iii), which is contradiction to Condition (iii-a). Hence (iii-d) holds. Conversely, suppose that Condition (iii) holds. The correspondences α 1 and α 2 in Theorem 3.3 (iii) imply dimd ≥ 2 and that the eight points P 0 , . . . , P 7 are in general position. By Proposition 4.11, Condition (i) holds.
We next prove that Conditions (i) and (ii) are equivalent. Assume that Condition (i) holds. Furthermore we can assume (⋆) in the proof of Proposition 5.1 and that X is defined by y, z, w] are homogeneous polynomials of degree two such that f 1 = f 2 = f 3 = 0 at P i for i = 0, . . . , 7.
Hence f 1 , f 2 and f 3 are of the form
are homogeneous polynomials of degree i for i = 1, 2. Since X has a node at P 0 , the linear forms a 1 , b 1 , c 1 are linearly independent over ℂ. Hence we may assume that a 1 = x, b 1 = y, c 1 = z. Then the conic ∆ X is given by z 2 − 4xy = 0 by Theorem 3.3 (ii). In this case, the double cover π ∆ X : ℙ 1 × ℙ 1 → ℙ 2 is given by (s 1 :s 2 , t 1 :t 2 ) → (s 1 t 1 :s 2 t 2 :s 1 t 2 + s 2 t 1 ). By direct computation, we can see that π * ∆ X Γ X is defined by
Let D + be the (2, 4)-curve defined by t 2 1 π * ∆ X b 2 − t 1 t 2 π * ∆ X c 2 + t 2 2 π * ∆ X a 2 = 0. Then we obtain D − := ι * ∆ X D + = π * ∆ X Γ − D + . Let P i be a point in π −1 ∆ X (P i ) for i = 1, . . . , 7. At P i , we have f 1 = f 2 = f 3 = 0. Suppose that x ̸ = 0 at P i , then b 2 = ya 2 /x and c 2 = za 2 /x at P i . Since π * ∆ X x = s 1 t 1 , π * ∆ X y = s 2 t 2 and π * ∆ X z = s 1 t 2 + s 2 t 1 , we can see P i ∈ D + ∩ D − by direct computation. In the cases of y ̸ = 0 and z ̸ = 0, we obtain P i ∈ D + ∩ D − by the same argument. Thus π ∆ X (D + ∩ D − ) = {P 1 , . . . , P 7 , T 1 , . . . , T 6 }, and Condition (ii) holds.
Conversely, we assume Condition (ii). By Proposition 4.11, it is sufficient to prove that P 0 , . . . , P 7 are in general position and dimd ≥ 2. By Corollary 2.6 and Theorem 3.3 (iii), we obtain dimd ≥ 2.
Suppose that five points of P 0 , . . . , P 7 are on a hyperplane H 0 ⊂ ℙ 3 . By Lemma 5.2, we may assume P 1 , . . . , P 5 ∈ H 0 and P 0 ̸ ∈ H 0 . Hence we may assume that H 0 is defined by w = 0. If P 6 ∈ H 0 , then P 1 , . . . , P 6 are on a conic C on H 0 . Indeed, if P 6 ∈ H 0 , then either P 1 , . . . , P 6 are on a conic on H 0 , or H 0 is a fixed component ofd ; if H 0 is a fixed component ofd , then P 7 ∈ H 0 since dimd ≥ 2, hence X| H 0 = 2C for some conic C on H 0 since X| H 0 is a quartic divisor on H 0 with seven singular points. Thus if P 6 ∈ H 0 , then, by Proposition 5.1 and Lemma 5.2 (i), Γ X is a splitting curve of type (3, 3) , which is a contradiction to Lemma 5.2 (ii). Therefore P 6 and P 7 are not on H 0 .
Let C ⊂ H 0 be the unique conic through the five points P 1 , . . . , P 5 . If all members ofd are singular, then C is reducible and the singular point P of C is a singular point of all member ofd . In this case, the three points P 0 , P 6 and P 7 are collinear since dimd ≥ 2 and no four points of P 1 , . . . , P 7 are collinear, which is a contradiction since X contains no lines through P 0 . Hence there is a smooth member D 0 ∈d . We put
Note thatd 1 is a linear system on D 0 ≅ ℙ 1 × ℙ 1 consisting of (1, 1)-curves through P 0 , P 6 , P 7 , and dimd 1 ≥ 1. Since the self intersection number of a (1, 1)-curve is equal to two,d 1 has a fixed component, say C 1 . Since dimd 1 ≥ 1, P 0 , P 6 , P 7 are on C 1 . This implies that the three points P 0 , P 6 , P 7 are collinear in ℙ 3 , which is a contradiction. Therefore, no five points of P 0 , . . . , P 7 are on a hyperplane of ℙ 3 .
Suppose that three points of P 0 , . . . , P 7 are collinear. We may assume that P 5 , P 6 , P 7 are on some line L ⊂ ℙ 3 . By the assumption and Lemma 5.2, we have P 0 , . . . , P 4 ̸ ∈ L. Moreover, by the above argument, we may assume that there are no hyperplanes in ℙ 3 through P 0 , . . . , P 4 . Note that all members ofd contain L, and there is an irreducible member ind since dimd ≥ 2.
Case 1. Suppose that there is a smooth member D 0 ∈d . We put
We may assume that L is a (0, 1)-curve on D 0 , and thatd 2 consists of (2, 1)-curves through P 0 , . . . , P 4 . The linear systemd 2 has a fixed component C 2 since C 2 = 4 < 5 for C ∈d . Since no hyperplanes in ℙ 3 pass through P 0 , . . . , P 4 , the points P 0 , . . . , P 4 are on a (2, 0)-curve on D 0 . This implies that five points of P 0 , . . . , P 7 are on a hyperplane, which is a contradiction.
Case 2. Suppose that all members ofd are singular. Let D 1 be an irreducible member ofd . Let Σ 2 → D 1 be the blowing-up at the singular point of D 1 , and let σ : Σ 2 → ℙ 3 be the composition of the blowing-up Σ 2 → D 1 and the inclusion D 1 ⊂ ℙ 3 . We denote by F ⊂ Σ 2 the strict transformation of L, and we put
Note thatd 3 consists of curves linearly equivalent to 3F +2S 0 and passes through σ −1 ({P 0 , . . . , P 4 }), where S 0 is the section of Σ 2 with S 2 0 = −2. Since (3F +2S 0 ) 2 = 4,d 3 has a fixed component. Let C be an irreducible fixed component ofd 3 . By dimd 3 ≥ 1 and [11, V Corollary 2.18], C is linearly equivalent to F or 2F + S 0 . If C linearly equivalent to 2F + S 0 , then σ −1 ({P 0 , . . . , P 4 }) ⊂ C since dimd ≥ 1, hence P 0 , . . . , P 4 are on a hyperplane by Lemma 4.8, which is a contradiction. If C is linearly equivalent to F, then C passes through at least two points of σ −1 ({P 0 , . . . , P 4 }), say σ −1 (P 3 ) and σ −1 (P 4 ). This implies that P 3 , . . . , P 7 are on a hyperplane, which is a contradiction. Hence no three of the points P 0 , . . . , P 7 are collinear. Thus Condition (i) holds.
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Remark 5.4. Let Γ ⊂ ℙ 2 be a splitting curve of type (2, 4) with respect to its simple contact conic ∆, and let X ⊂ ℙ 3 be a nodal quartic surface with Γ X = Γ and ∆ = ∆ X . By Theorem 5.3, X is syzygetic. If a (2, 4)-divisor D + on ℙ 1 × ℙ 1 satisfying π * ∆ Γ = D + + D − with D − = ι * ∆ D + is uniquely determined, then the assigned base points of X do not depend on the choice of the quadratic forms f 1 , f 2 , f 3 . In particular, the case where Γ is irreducible is such a situation. Because of this, we simply call an "assigned node of X with respect to f 1 , f 2 , f 3 " an "assigned node of X" without reference to f 1 , f 2 , f 3 if Γ X is irreducible.
Examples
In this section, we give examples of irreducible 6-and 7-nodal sextic curves; thus we have examples of Zariski pairs. We first explain a method of constructing a non-splitting sextic curve with respect to a contact conic.
A method of constructing a non-splitting sextic. Let P 0 , . . . , P 5 be six points of ℙ 3 in general position, and letd be the linear system |2H − P 0 − ⋅ ⋅ ⋅ − P 5 | on ℙ 3 , where H is a hyperplane. Note that dimd = 3. We consider the rational map Φd : ℙ 3 ℙ 3 given byd . Let σ :P 3 → ℙ 3 be the blowing-up at the six points P 0 , . . . , P 5 . Then Φd induces a generically finite morphism of degree twoΦd :P 3 → ℙ 3 . The pullback of a general quadric surface in ℙ 3 byΦd gives an irreducible quartic surface in ℙ 3 with six nodes at P 0 , . . . , P 5 . If D 0 ⊂ ℙ 3 is a certain quadric cone, then the image ofΦ * d D 0 by σ is a syzygetic quartic surface. If we chose certain smooth conics D 1 , D 2 ⊂ ℙ 3 tangent to the branch locus ofΦd at one and two points, respectively, then X 1 := σ(Φ * d D 1 ) and X 2 := σ(Φ * d D 2 ) are asyzygetic quartic surfaces with seven and eight nodes, respectively. In general, X 1 and X 2 give non-splitting sextic curves Γ X 1 and Γ X 2 with respect to ∆ X 1 and ∆ X 2 , respectively.
We construct the non-splitting sextic curves in Examples 6.4 and 6.9 by the above method. However, we omit to describe the morphism Φd and the smooth quadric surfaces D 1 , D 2 explicitly.
Let ∆ ⊂ ℙ 2 be a smooth conic. Let (s:t) and (u:v) be systems of homogeneous coordinates of ℙ 1 , and let (x:y:z) be one of ℙ 2 . After certain projective transformation, we may assume that ∆ is given by δ 2 = 0 where δ 2 = z 2 − 4xy, and the double cover π ∆ : ℙ 1 × ℙ 1 → ℙ 2 is described by π ∆ (s:t, u:v) = (su:tv:sv + tu). Remark 6.1. Let Γ be an r-nodal sextic curve for a positive integer r ≤ 7. If Γ is reducible, then Γ consists of a line and an irreducible curve of degree 5 by Bézout's theorem. If Γ is irreducible, then no 5 nodes of Γ are collinear by Bézout's theorem. Hence Γ is irreducible if and only if no 5 nodes of Γ are collinear.
6-nodal sextics
Let Γ 6 be a 6-nodal sextic curve on ℙ 2 such that ∆ is a contact-conic of Γ 6 . By Corollary 2.5, Γ 6 is either a splitting curve of type (3, 3) or a not splitting curve with respect to ∆. Example 6.2. Let Γ 6 ⊂ ℙ 2 be a splitting 6-nodal sextic curve with respect to ∆. From the proof of Theorem 2.4, Γ 6 is given by c 2 3 − δ 2 c 2 2 = 0 for some c i ∈ H 0 (ℙ 2 , O ℙ 2 (i)). For example, if c 2 = xy + yz + zx and c 3 = x 3 + y 3 + z 3 , then Γ 6 is given by (x 3 + y 3 + z 3 ) 2 − (z 2 − 4xy)(xy + yz + zx) 2 = 0, and Γ 6 is a 6-nodal sextic curve. The nodes of Γ 6 are (α i : − α 5 i − 2α 4 i − α 3 i − 3α i − 1:1) for i = 1, . . . , 6, where the α i are the roots of α 6 + 3α 5 + 3α 4 + α 3 + 3α 2 + 3α + 1 = 0. Note that the 6 nodes of Γ 6 are the intersection of a smooth conic and the cubic given by x 3 + y 3 + z 3 = xy + yz + zx = 0. By Remark 6.1, Γ 6 is irreducible. Example 6.3. Let L 1 , . . . , L 4 ⊂ ℙ 2 be general lines given by equations l i = 0, and let C 3 be a cubic curve given by c 3 = 0. If the 6-nodes P 1 , . . . , P 6 of L 1 + ⋅ ⋅ ⋅ + L 4 are not on ∆ and C 3 passes through P 1 , . . . , P 6 , then the sextic curve Γ 6 given by c 2 3 − δ 2 l 1 l 2 l 3 l 4 = 0 has 6 nodes at P 1 , . . . , P 6 . For example, if l 1 = z, l 2 = x−y, l 3 = 2x−y, l 4 = x+y−2z and c 3 = 2x 3 −x 2 y+3x 2 z−2xy 2 −4xz 2 +y 3 +yz 2 , then Γ 6 is given by (2x 3 − x 2 y + 3x 2 z − 2xy 2 − 4xz 2 + y 3 + yz 2 ) 2 − z(x − y)(2x − y)(x + y − 2z)(z 2 − 4xy) = 0, and Γ 6 is a 6-nodal sextic curve. The nodes of Γ 6 are (1:1:0), (1:2:0), (1: − 1:0), (0:0:1), (1:1:1), (2:4:3). By Theorem 2.4, Γ 6 is a non-splitting curve with respect to ∆ since the 6 nodes of Γ 6 are not on a conic. Moreover, Γ 6 is irreducible since no 5 nodes of Γ 6 are collinear.
The following example is a non-splitting 6-nodal sextic curve with respect to ∆, whose nodes are in general position. Remark 6.11. As for the fundamental groups of the curves Γ 7 + ∆ and Γ X + ∆ X in Theorem 6.10, we can apply [4, Proposition 2] and infer that π 1 (ℙ 2 \ Γ 7 + ∆) admits a surjection onto the dihedral group D 2n of order 2n for any n, but π 1 (ℙ 2 \ Γ X + ∆) does not. Hence these two curves can be distinguished by the fundamental group. We do not know whether or not Γ 7 + ∆ can also be distinguished by the fundamental group.
